The off-shell aspects of the one-pion-exchange potential (OPEP) are discussed. Relativistic Hamiltonians containing relativistic kinetic energy, relativistic OPEP with various off-shell behaviors and Argonne v 18 short-range parameterization are used to study the deuteron properties. The OPEP off-shell behaviors depend on whether a pseudovector or pseudoscalar pion-nucleon coupling is used and are characterized by a parameter µ. We study potentials having µ=−1, 0 and +1 and we find that they are nearly unitarily equivalent.
I. INTRODUCTION
The modern high-quality two-nucleon potential models include three local potentials:
Nijmegen II [1] , Reid93 [1] and Argonne v 18 (AV18) [2] , and two nonlocal potential: Nijmegen I [1] and CD-Bonn [3] . These potentials accurately fit the NN scattering data of the Nijmegen database [4] and the deuteron binding energy, and are essentially phase-equivalent.
The three local potentials predict very similar deuteron D-state probability P D ( Inspired by the above comparison among the modern potentials, we want to understand various aspects of OPEP off-shell nonlocalities in this work. The nonlocality in the shorterrange part of the potential may also play some role, but it is not our primary interest here.
There has always been some ambiguity about the off-shell effects in the two-body potentials. Friar [5] recently categorized these ambiguities into three types: (i) those caused by an energy-dependent potential which occur naturally when expanding energy denominators in Schrödinger perturbation theory; (ii) those arising from unitary transformations of field variables used in the Lagrangians; (iii) those due to different choices of relativistic
Hamiltonians. In this work we are only interested in understanding the second type of ambiguities. In Friar's notation, potentials having different off-shell forms are characterized by parameters µ and ν, where the µ-dependence comes from whether using pseudoscalar (PS) or pseudovector (PV) relativistic pion-nucleon interactions, while the ν-dependence comes from the retardation effects. Here we are only interested in the µ-dependent off-shell behaviors, but neglect the retardation effects which seem to be relatively unimportant. In
Friar's notation, we choose ν=1/2 (no retardation) throughout this work.
The relativistic OPEP are identical on-shell, regardless of the assumed coupling (PS or PV), but they differ off-shell. There is no unique description for the off-shell behavior of relativistic OPEP. It depends upon a parameter µ whose common choices [5] are µ=−1 (PS coupling) used in CD-Bonn [3] , µ=0 (minimal nonlocality) used in our earlier work [6] , and µ=+1 (PV coupling) favored by conventional Chiral Perturbation Theory (CPT). As suggested by Friar [7, 8] two decades ago, two-body potentials differing in the value of µ are related by unitary transformations up to order 1/m 2 . All these potentials are correct to this order, and predict identical observables, even though they have different forms. In this view, when various two-body potentials are combined with their corresponding threebody potentials, the triton energy should be accurately predicted; when electromagnetic current operators are treated consistently with the potential, the electromagnetic observables should be independent of the choice of µ [9] . This is rather interesting and useful because if there indeed exists such unitary equivalence, then we could choose the simpler and computationally-easier local potentials together with their three-body forces, and consistent electromagnetic charge and current operators to study properties of light nuclei.
The purpose of this paper is to study deuteron properties with potentials containing µ=−1, 0, +1 relativistic OPEP (Sec. II), and to examine the unitary equivalence of these potentials (Sec III). We also attempt to find local potentials which would give a smaller value for deuteron P D , characteristic of the µ=−1 nonlocal potentials, but with no success (Sec IV). The conclusions are given in Sec. V. Some of the detailed derivations involved in this work are given in an Appendix.
II. OFF-SHELL EFFECTS IN DEUTERON

Consider a relativistic Hamiltonian
in the frame in which the deuteron is at rest. The transformation of this H R to other frames is discussed in Ref. [10] . Here v π is the OPEP containing off-shell nonlocalities, and v R is the remaining part of the potential which is phenomenological. In this work we use AV18 parameterization for v R . As suggested by Friar [5] , after neglecting retardation effects, the relativistic OPEP can be expressed in the following general form
Here m π and m are the pion and nucleon mass respectively, f πN N is the pion-nucleon coupling constant, p and p ′ are the momenta of particle i in the center of mass frame before and after the interaction, q=p ′ −p is the momentum transfer, E= √ m 2 + p 2 , and E ′ = √ m 2 + p ′2 . The µ-dependent term corresponds to nonlocalities in configuration space; it vanishes on-shell where E=E ′ . When used in momentum space to solve for deuteron properties, equation
2) is multiplied by the πNN form factor F (q) to ensure convergence
In the present work we use the cutoff mass Λ π =1.2 GeV.
The expression for µ=−1, i.e., v µ=−1 π can be easily derived using second-order covariant perturbation theory with a pseudoscalar pion-nucleon coupling
When applying the same technique to the pseudovector-coupling [12] .
The µ=0 ("minimal nonlocality") corresponds to on-shell relativistic OPEP 6) and has been studied in detail in Ref. [6] . In the nonrelativistic limit, E ≈ E ′ ≈ m, and Eq. (2.6) yields nonrelativistic local OPEP used in the three local potentials (Nijmegen II, Reid93 and AV18) We are interested in understanding the difference between the local and nonlocal potentials.
It is sufficient to consider only one of the three available representations of a local potential, which we choose to be AV18. The results can probably be generalized to all modern local potentials.
The OPEP in AV18 is given by the following expression in configuration space
where
(2.10)
The rest of the AV18 is phenomenological and uses the Woods-Saxon and T 2 π functions.
When projected onto spin S=1 and isospin T =0 channel, the overall potential is expressed
where the five terms are called the central, tensor, spin-orbit, quadratic orbital angular momentum and quadratic spin-orbit terms, respectively. The OPEP is obviously included in the central term and is the main contribution to the tensor term.
It is interesting to study deuteron properties using the isoscalar part of AV18 but replace its OPEP with v µ=−1,0,+1 π (for future reference, these potentials are denoted as v
).
We construct the relativistic Hamiltonian containing v µ 18 and relativistic kinetic energy to be phase equivalent to the nonrelativistic Hamiltonian containing the isoscalar part of AV18
and nonrelativistic kinetic energy. The short-range part of the potential v R depends on µ implicitly in order to reproduce the phase shifts. We adjust the fifteen free parameters in v R and fit the phase shifts in S=1, T =0 channel, i.e.,
, and the deuteron binding energy with great accuracy. The deuteron properties are listed in Table I and the deuteron wave functions are plotted in Fig. 1 . The first row of Table I has been discussed in detail in Ref. [6] . It produces very similar deuteron Dstate probability (P D =5.73%) to that of the nonrelativistic AV18 (5.76%). Their deuteron wave functions are also similar as shown in Fig. 1 . The v µ=0 18
binds the triton slightly more (∼0.1 MeV) than AV18 [6] . These similarities between v and T R nonlocalities.
In the cases of µ=−1 and +1, there does not seem to have such a perfect cancellation.
is 4.98%, noticeably smaller than that of v and CD-Bonn must come from those in the short-range parts. This is further confirmed by the similar D-state wave function at long range (r > 1.5 fm). The difference in the deuteron quadrupole moment given by the two potentials is ∼1.5%. It is smaller than the 3% difference in P D . This can be understood from the following arguments. In the impulse approximation, deuteron Q d is given by 13) and it is an "outside" quantity whose major contributions come from the longer-range part of the wave functions which is fairly model-independent. On the other hand, the D-state probability P D defined as
is an "inside" quantity lacking the extra factor r 2 in the integrand. Therefore P D is sensitive to the interior region of the wave functions where larger differences exist among various potential models. 
If we treat OPEP as a perturbative term in the Hamiltonian, the first order correction to the amplitude of a state with large momentum q is given by
Here v π can be v NR π or v µ π depending on whether the Hamiltonian is nonrelativistic or relativistic. In the nonrelativistic case, E(q) − E(0) ≈ q 2 /m, while in the relativistic case, is given by and relativistic kinetic energy.
The expectation values of the kinetic energy T , OPEP v π and the phenomenological short-range part v R of various potentials are compared in Table II From Table II , it appears that the individual terms of v 
III. UNITARY EQUIVALENCE
Friar [7, 8] suggested two decades ago that the physics of pseudovector and pseudoscalar couplings of pions to nucleons is related via the equivalence theorem, originating from the Dyson transformation [13] . Basically, the theorem states [8] that the one-pion-exchange currents, together with matrix elements of the impulse charge operator calculated with a potential including OPEP, must be the same for both PS and PV couplings to order G 2 .
As an interesting byproduct of Friar's work, the unitary transformation involved can change the deuteron D-state probability, indicating that this quantity is not measurable [14] .
It is interesting to test this theorem using our relativistic Hamiltonian [Eq. (2.1)] for µ=−1, 0, +1. The Hamiltonian also contains a short-range potential v R which is implicitly dependent on µ in order to fit the data. We can rewrite Eq. (2.1) as the following
where 
In light nuclei, the small binding energy comes from the large cancellation between the kinetic energy and two-body potential. Hence v Table II . This is because deuteron is a loosely bound state with a very large rms radius, thus the OPEP accounts for more than 95% of the two-body potential, yielding a very small v R . In light nuclei with A > 2, the OPEP still accounts for a large portion of the two-body potential (>70%), but v R is about the same order of magnitude as the kinetic energy and OPEP [15] 
where H 0 can be conveniently chosen as
The unitary operator which satisfies Eq. (3.3) is found to be
It can be easily verified that the commutator
The wave function is transformed, consistently with the Hamiltonian, in the following way
where |ψ 0 is the wave function of H 0 obtained by solving Schrödinger equation. The methods used to solve Eq. (3.7) for the deuteron are given in the Appendix.
Earlier works by Friar [5, 7] 
The correction term is
The two commutators [v Fig. 4 and deuteron properties listed in Table III .
As we can see in [11] did a similar study as the present work, except that they used a pure OPEP model to describe the two-nucleon system, and they also used leading order expressions for kinetic energy, OPEP and unitary operator. They studied deuteron properties for various values of µ and ν. Their deuteron P D and Q d for ν=1/2 (no retardation) and µ=−1, 0, +1 seem to be larger than ours, probably because they used a pure OPEP model instead of a realistic model which fits NN phase shifts as well as deuteron binding energy. However, the amount of changes from before and after unitary transformation are similar to ours.
The deuteron P D of current work is plotted in Fig. 5 . The P D obtained with unitary transformation seems to be linear in µ, while the exact results are slightly nonlinear. This can be easily understood from the expression of the unitarily transformed wave functions given in Eq. (A16). We can rewrite the wave functions as
where R 0 (p) and R 2 (p) are the normalized S-and D-state radial wave functions, δR 0 (p) and δR 2 (p) are the second terms in Eq. (A16). In the dominant region of the wave functions,
i.e., p < 5 fm
The deuteron D-state probability is
given by
2 dp + terms of order µ 2 and higher, (3.11) where P 0 D is the deuteron D-state probability of µ=0. The terms of order µ 2 and higher are negligibly small and can be neglected, therefore P D obtained from the unitary transformation is approximately linear to µ. The exact P D is slightly nonlinear reflecting the difference of the short-range part of the potentials.
IV. LOCAL POTENTIALS
Before we draw any conclusions, let's ask a question: is the small P D a unique feature
, or the large P D a unique feature from v µ=+1 π
? In other words, can we find a local potential which fits experimental data and still gives P D < 5% or P D > 6%?
To explore such a possibility, we attempt to lower the P D to ∼5% by using AV18 as trial local potential in our Hamiltonian, together with a nonrelativistic kinetic energy. There are fifteen free parameters in the AV18 representation [Eq. (2.12)]. Just by varying these parameters to fit the data and simultaneously constraining P D ≈ 5% can result in good fits and v t (denote them as "local µ=−1"), keeping v ls , v l2 and v ls2 fixed. These potentials are compared with those in the AV18 in Fig. 6 . As we can see, the "local µ=−1" v c and v t are both reduced at the short-range to reproduce the deuteron binding energy and obtain a smaller P D . We then multiply or add various functions to v c and v t to reproduce this effect.
None of these approaches yield a good χ 2 fit. The largest discrepancies are for E 1 . In summary, we couldn't find a local potential which gives a deuteron P D as small as 5%.
We can probably extrapolate this statement to P D as large as 6%. Therefore, it seems that the different deuteron P D 's are associated with the various off-shell behaviors of the OPEP.
V. CONCLUSIONS
We studied deuteron properties with potentials containing µ=−1, 0, and +1 OPEP offshell behaviors. We tested the unitary equivalence among these potentials by comparing to the exact solutions of Schrödinger equation, and we found the following interesting results:
(i) The off-shell term involving the coupling of nucleon spin and momentum is the primary cause for the smaller deuteron P D for CD-Bonn and v µ=− 1 18 , and consequently a higher triton binding energy. We also found that it is not possible to get a deuteron with P D as small as 5% with the local OPEP [Eq. (2.8)].
(ii) The deuteron wave functions, charge form factors and T 20 for µ=+1 favored by CPT are very close to those of the nonrelativistic AV18. and AV18, but they differ significantly from those of CD-Bonn [17] . This suggests that AV18 and CD-Bonn are not well-related by the kind of unitary transformation discussed in this work, i.e., the one that deals with OPEP.
In summary, we find that a nonrelativistic Hamiltonian containing local potentials (AV18, Nijmegen II, Reid93) and nonrelativistic kinetic energy provides an excellent approximation to a relativistic Hamiltonian containing a relativistic OPEP of pseudovector pion-nucleon coupling and relativistic kinetic energy, in predicting properties of nuclei. This may matter little for two-nucleon systems such as the deuteron discussed in this work, or three-nucleon systems such as the triton discussed in Refs. [3, 18] for which momentum space as well as configuration space computational methods can be applied. However, when we go up to nuclei having A > 3, momentum-space techniques face great computational difficulties, leaving the configuration-space calculations as the main approach for high-accuracy computations [15, 19] , in which case a local nonrelativistic Hamiltonian is to be preferred. Using these, Eq. (A4) becomes
Then we use the following relations
Finally, putting everything together, we get
The wave functions should be normalized to 1, then Fourier transformed to configuration space to obtain the S-and D-state wave functions shown in Fig. 4 . 
TABLES
